ABSTRACT. One can associate an invariant to a large class of regular codimension two defects of the six dimensional (0, 2) SCFT X[j] using the classical Springer correspondence. Such an association allows a simple description of S-duality of associated Gaiotto-Witten boundary conditions in N = 4 SYM for arbitrary gauge group G and by extension, a determination of certain local aspects of class S constructions. I point out that the problem of classifying the corresponding boundary conditions in N = 4 SYM is intimately tied to possible symmetry breaking patterns in the bulk theory. Using the Springer correspondence and the representation theory of Weyl groups, I construct a pair of functors between the class of boundary conditions in the theory in the phase with broken gauge symmetry and those in the phase with unbroken gauge symmetry.
INTRODUCTION
In recent years, the study and possible classification of defect operators in supersymmetric quantum field theories of various dimensions has been pursued with some vigor. Two major themes in this study has been connections between the study of defect operators and various ideas in geometric representation theory and the close relationship between defects in a d dimensional (S)QFT and various l (for l < d) dimensional (S)QFTs. In this note, I will discuss a particular instance where both of these themes play a prominent role. This involves a class of regular codimension two defects of the six dimensional (0, 2) SCFT that we will henceforth denote by X[j] for every Lie algebra j of type A, D, E. On the one hand, the problem of classifying these defects turns out to be connected intimately to the classical Springer correspondence and closely related aspects of the representation theory of Weyl groups. And on the other hand, the existence of these defects in the six dimensional theory is tied to the existence of certain lower dimensional SCFTs with eight supercharges. One set of examples of the three dimensional SCFTs in question are the Gaiotto-Witten theories T ρ [G] and their mirror duals T ρ ∨ [G] . These theories are interesting objects by themselves and also serve as important ingredients in constructions of other four and three dimensional theories. Specifically, in four dimensions, a subset of the theories dubbed 'class S' [1, 2] are of this type.
In what follows, these Gaiotto-Witten theories will play an important role. In Section 2, their specific role in the study of boundary conditions in four dimensional N = 4 SYM and the relationship to codimension-two defects of X[j] is recalled. In Section 3, the close connection of these topics to the Springer Correspondence is recalled. In Section, 4, the connection is exploited to provide a classification scheme that relates the existence of the Gaiotto-Witten theories to the possibility of specific symmetry breaking patters in four dimensional N = 4 SYM theory. A pair of functors between the classes of boundary conditions of the theory with gauge group G ∨ and the theory with gauge group L ∨ (for L ∨ a suitable subgroup of G ∨ ) play an important role in this classification scheme. While this note is largely a review of the work done in [3] , the narrower focus of this note allows
S-dualitỹ
The connection between codimension two defects of X[j] and boundary conditions for 4d N = 4 SYM. The Nahm (ρ) and Hitchin (ρ ∨ ) labels associated to a regular codimension two defect are highlighted.
for an elaboration of some subtler aspects like, for example, the difference between the two finite groups usually denoted by A(O) and A(O) and how the difference between the two can be understood in terms of the Springer invariant. Acknowledgements: I would like to thank P. Achar, D. Ben Zvi, J. Distler, A. Neitzke, N. Proudfoot for discussions.
BOUNDARY CONDITIONS FOR N = 4 SYM
The existence of the regular codimension two defects of the six dimensional X[j] theory can be related to the existence of certain 1/2 BPS boundary conditions of N = 4 SYM in four dimensions. This can be inferred by considering the following setup (see Fig 1) . In six dimensions, formulate theory X[j] on a spacetime of the form R 1,2 × S 1 × H, where H is a two dimensional disc with a cigar metric. One can reduce to four dimensions in two different ways. First, we reduce along the circle fiberS 1 of the cigar H to get five dimensional N = 4 SYM with gauge group G (a compact group) together with a boundary condition that is specified by a Nahm pole. If a twist by Dynkin diagram automorphism of j is included in theS 1 reduction, then G is the compact group corresponding to the 'folded' Dynkin diagram. This allows for the appearance of non-simply laced G. If the twist is not included, G is the compact group corresponding to complex lie algebra j and is thus simply laced. Reducing further on the circle S 1 , one gets four dimensional N = 4 SYM with gauge group G formulated on a four manifold M 4 that is topologically R 1,2 × R + together with a boundary condition that is labeled by the same Nahm pole ρ. If the two dimensional reductions are done in the opposite order, one gets G ∨ N = 4 theory with a boundary condition that involves coupling to a boundary three dimensional N = 4 theory called T ρ ∨ [G] . Let us pick a co-ordinate y for R + direction such that y = 0 forms the boundary of M 4 . The presence of a Nahm pole boundary condition of type ρ for the four dimensional N = 4 theory with gauge group G implies (by definition), the following equations for three out of the six scalars in the theory,
where ρ denotes an embedding of sl 2 into the complex lie algebra g and τ i are the standard generators of sl 2 . They obey
Here, the three scalars have been arranged into a vector X and they transform in the three dimensional representation of the SO(3) X part of the R symmetry group. There is a corresponding set of equations that are obeyed by the gauge fields in the theory. When the sl 2 embedding is trivial, the gauge field obey the usual Dirichlet boundary conditions. Hence, the most general Nahm pole boundary conditions can be viewed as generalized Dirichlet boundary conditions. In [4] , Gaiotto-Witten constructed a vast class of 1/2 BPS conformal boundary conditions in four dimensional N = 4 SYM theory formulated on R 1,2 × R + of which the Nahm pole boundary conditions form a small but very interesting subset. Their classification was by associating a triple (O ρ , H, B) to every boundary condition, where O ρ is a nilpotent orbit in the lie algebra g (by the Jacobson-Morozov theorem, this is equivalent to a choice of an embedding ρ : sl 2 → g) and H is a subgroup of the centralizer Z g (ρ) of the associated sl 2 triple and B is a three dimensional SCFT with eight supercharges.
The translation from the indexing set of triples to the boundary condition is as follows. First, one imposes Nahm pole boundary conditions for a triplet of the scalars (labeled X i ) as in Eqns 2. The second datum implies that one considers a decomposition of the lie algebra into h ⊕ h ⊥ and Higgs the theory down to H symmetry at the boundary. The third datum in the triple involves choosing a a three dimensional N = 4 SCFT B with H global symmetry and gauging the global symmetry and coupling the theory at the boundary to the four dimensional theory.
In [5] , they further studied the action of S-duality on this vast class of boundary conditions. One of the important instances of this duality of boundary conditions is the case of a pure Nahm pole boundary condition of type ρ. The S-dual of this boundary condition happens to be a boundary condition in the G ∨ theory that corresponds to coupling to the boundary theory T ρ ∨ . In terms of the indexing set of triple, this can be stated as,
In order the make precise the idea of 'coupling at the boundary', one needs to recall some facts about N = 4 SCFTs in three dimensions. In general, these theories admit atleast two quantum moduli spaces of vacua called the Higgs branch and the Coulomb branch. The N = 4 supersymmetry of the theory ensures that both of these are hyperkahler spaces. In theories with Lagrangian descriptions, the Higgs can be described as a hyper-Kahler quotient and the metric is not 'quantum corrected'. The Coulomb branch, on the other hand is changed by quantum corrections and is, generically, much harder to understand. For theories without Lagrangian descriptions, one is, a priori at a loss to describe to either of the branches. The N = 4 theories in four dimensional admit a duality called three dimensional mirror symmetry that, among other things, exchanges the Higgs and Coulomb branches. For the theories denoted by T ρ ∨ [G], the Coulomb branches are specific strata inside the nilpotent cone of g (N g ) called Slodowy slices and the Higgs branches are certain strata inside the nilpotent cone of g ∨ (N g ∨ ) corresponding to nilpotent orbit closures. So, the coupling at the boundary for the G ∨ theory is to be understood to proceed via the gauging of the global symmetry on the Higgs branch of the T ρ ∨ [G] theory. This is an effective IR description of what it means to 'couple to a boundary theory'. On the G side, the space of solutions to the Nahm equations can be non-trivial and if this is the case, the four dimensional theory is be interpreted to have a moduli space of vacua given by this space of solutions. Not coincidentally, these solutions are exactly the Slodowy slices that arise as Coulomb branches of the T ρ ∨ [G] theories. The fact that the same moduli spaces have different realizations on the G and G ∨ is the justification for the S-duality map in 2. Now, note that on the G side of the duality, the classical gauge fields are G valued. So, if one were to start with the data describing the boundary condition on the G side, it seems reasonable that one is able to directly conclude something about part of the vacuum moduli space of T ρ ∨ [G] that is a stratum inside N g . This, however, constitutes 'classical' data for the mirror dual of T ρ ∨ [G] and not for T ρ ∨ [G] itself. This mirror dual is usually denoted by T ρ [G] . For this reason, S-duality of boundary conditions in the four dimensional N = 4 theory is inextricably connected with mirror symmetry for three dimensional N = 4 SCFTs.
In order to identify precisely which T ρ ∨ [G] appear as duals of a given Nahm pole boundary conditions, Gaiotto-Witten proposed using the dimension of the moduli space as an invariant. It can be shown that for G = SU (N ), this is an adequate invariant and matching just the dimensions of moduli spaces on both sides leads to a complete specification of the duality map. However, for arbitrary G, this is inadequate. This motivates the search for a finer invariant of the moduli spaces. In the following section, one such invariant is discussed.
SPRINGER CORRESPONDENCE AND THE SPRINGER INVARIANT
The classical Springer correspondence is a construction that relates the geometric world of nilpotent orbits and Slodowy slices to the algebraic world of irreducible representations of the Weyl group. What follows is an extremely short review of a rich subject. The reader is referred to [3] for a longer discussion. The starting point in the construction is the existence of the Springer resolution µ :Ñ → N . This is a simultaneous resolution of the singularities of N . The existence of such a map µ ties together topological properties of the resolved space N and the singular space N in fairly intricate ways. An example of such a relationship is the decomposition theorem. The Springer correspondence can be viewed as a small but powerful part of the results obtained by applying the decomposition theorem to the particular setting of the Springer resolution (for a review, see [6] ). To be more specific, let e be a representative of a nilpotent orbit O. the Springer correspondence is a statement about how the top dimensional cohomology of the Springer fiber B e (= µ −1 (e)) decomposes as a module for the Weyl group. The correspondence can be encapsulated in an injective map,
where Irr(W ) is the set of all irreducible representation of the Weyl group associated to g andÕ is the set of all pairs (O, χ), where O is a nilpotent orbit and χ is an irreducible representation of the component group A(O) associated to the nilpotent orbit O. The component group is defined to be the quotient C G (e)/C 0 G (e), where C G (e) is the centralizer of the nilpotent element in the group and C 0 G (e) is its connected component. It is often useful to consider the inverse of this map and denote it as Sp −1 :Õ → Irr(W ). Some care is required in using the inverse since the map Sp is guaranteed only to be injective. In what follows, we will be able to use the inverse without worrying about this subtlety. Now, since both nilpotent orbits and Slodowy slices are resolved under the Springer map, the constructions like the Springer correspondence apply to both kinds of strata. Physically, this means one can separately attach a Higgs branch Springer invariant (denoted by r) and a Coulomb branch Springer invariant (denoted byr) for theories like T ρ ∨ [G] . Outside of case G = SU (N ), there is an asymmetry between the properties of the two possible Springer invariants. This asymmetry singles out one of them as being the more useful Springer invariant. In this note, the Coulomb branch Springer invariant of T ρ ∨ [G] is the one that plays this role. In this Section, we will see that the invariant constructed in Sec 3 is strictly smarter than the dimension of the associated vacuum moduli space. In particular, it allows for an elegant description of which exact strata pair up to form the Higgs and Coulomb branches of T ρ ∨ [G] . Further, it allows a re-organization of the classification of the associated boundary conditions in the four dimensional theory. The seemingly ad-hoc nature (from a physical standpoint) of the association of the invariant is compensated by the incredibly simple and powerful statements that one can make using this invariant.
As discussed in the earlier section, coupling to T ρ ∨ [G] in the boundary is via a nilpotent representative ρ ∨ of the nilpotent orbit that is identified as the Higgs branch of the theory. Now, let us think of the coupling to the boundary theory under possible symmetry breaking in the bulk. Note that this is a different situation from the one where we consider symmetry breaking only at the boundary. The symmetric breaking is triggered by a vev m for the bulk scalar and unbroken gauge group is the centralizer Z g ∨ (m) of the semi-simple element m ∈ g ∨ . Let the connected part of the unbroken gauge group be L ∨ . Now, a necessary condition for a coupling via ρ ∨ to make sense is that there should be enough unbroken gauge symmetry at the boundary so that ρ ∨ is still a nilpotent representative of some nilpotent orbit in the lie algebra l ∨ . Clearly, for any non-zero nilpotent element ρ ∨ , making l ∨ too small would violate this requirement. The most that one can do is demand that ρ ∨ correspond to a 'a very big orbit' in l ∨ . Loosely speaking, it is so big that it can't fit into a smaller subalgebra. A mathematically precise way of enforcing this notion is to demand that ρ ∨ is a distinguished orbit in l ∨ .
Those familiar with the structure theory of nilpotent orbits will immediately recognize the close similarity between what has just been said and Bala-Carter classification of nilpotent orbits. There is, however, one extremely important difference. In the work of Bala-Carter, the problem of classifying nilpotent orbits is mapped to the problem of classifying distinguished nilpotent orbits in Levi subalgebras 2 . Note that in our discussion of symmetry breaking, no mention of l ∨ being related to Levi subalgebra was mentioned. The relationship that one can hope for is that the lie algebra of the connected component of the unbroken gauge group (l ∨ , in current notation) occurs as the semi-simple part of a Levi subalgebra. Such a relationship indeed exists for groups of type A. But, outside of groups of type A, the above statement is not true in general. For groups outside of type A, only a proper subset of the centralizers of semi-simple elements are related to Levi subalgebras. This is part of what makes this extremely interesting. A study of distinguished nilpotent orbits in these more general centralizers was done by Sommers in [7] and this extends the work of Bala-Carter. It is this extended form of the Bala-Carter classification, one that can be termed Bala-Carter-Sommers classification, that is relevant for the above discussion treating the classification of defects in conjunction with symmetry breaking patterns. For a given theory T ρ ∨ [G], let e ∨ be the nilpotent representative of the orbit that represents the Higgs branch and let (l ∨ , e ∨ ) be an associated Sommers pair. Now, let us consider a distinguished symmetry breaking in the bulk of the G ∨ theory. This means the following. One picks a vev m for the scalar in the vector multiplet such that the RG flow triggered by the vev m lands in the theory with a unbroken gauge symmetry whose connected component is the group L ∨ . In other words, the RG flow is picked so that in the UV, one starts with a random nilpotent orbit in g and in the IR, one ends up recovering the Sommers pair (l ∨ , e ∨ ). The fact that the Sommers pair is a characterization of the Higgs branch of T ρ ∨ [G] is obvious from the way it has been constructed. It will, in fact, turn out to identify it uniquely after we impose a subtle equivalence relation on Sommers pairs (this is discussed below). But, a natural question is how does one relate the Coulomb branch of T ρ ∨ [G] to their corresponding Sommers pair of the Higgs branch. It turns out that the following matching conditions for the Springer invariants specifies this relationship completely,
where O N is the nilpotent orbit that enters the description of the Nahm boundary condition (and is called the Nahm datum in Fig 1) It is a truncated version of the usual induction functor and the nature of its action is explained in greater detail in [3] . Now, for a given nilpotent representative e ∨ , there could be different choices (non conjugate) for l ∨ such that (l ∨ , e ∨ ) is a Sommers pair. What does this indicate ? This indicates that one is dealing with two different theories T ρ [G] and T ρ ′ [G] whose associated Coulomb branches correspond to the Sommers pairs (l ∨ , e ∨ ) and (l ∨ ′ , e ∨ ). The number of such distinct Sommers pairs associated to a given special nilpotent orbit is indicative of the size of its associated A(O) group.
One of the esoteric features of this setup is the appearance of the group A(O). 3 In several cases, it is the same as the group A(O) that we encountered before, but it is in general a smaller group. This group is a quotient of the component group A(O). It was originally encountered by Lusztig in his work [9] and is thus sometimes called "Lusztig's quotient". In terms of the matching conditions for the Springer invariant, the appearance of the smaller group can be understood in the following way. For some G ∨ , there exist different L ∨ (not conjugate to each other) for which the output of jinduction (invoked as in 5) happens to be the same irrep of
. Now, define an equivalence relation on Sommers pairs for a particular nilpotent orbit such that they are identified if the output of j-induction is the same. The Sommers pairs, together with equivalence relation now give a characterization of the group A(O). As an example of the cases where A(O) = A(O) , we list here two such instances for
4.1. A pair of functors. In the above discussion, we have really encountered two functors between classes of boundary conditions. The first is distinguished symmetry breaking in the presence of a boundary condition. Let us called this the functor s. The functor s goes from theory with gauge symmetry G ∨ to the theory with gauge symmetry L ∨ . The second is the functor that goes between boundary conditions in theory with gauge symmetry L ∨ and the theory with gauge symmetry G ∨ . Let us call this functor i. These functors can be viewed as being analogous to the restrict and induce functors (which form an adjoint pair) between the categories of representation of a finite group F and a subgroup H ⊂ F. In terms of the associated Springer invariants, the functors encountered above are directly the Res and j induction functors in the study of Weyl group representations. Note however that one is dealing here with the class of boundary conditions in a four dimensional quantum field theory. This is morally modeled by an associated 3-category. So, a complete understanding of the pair of functors (s, i) should be developed in this setting.
4.2.
Mirror symmetry and Symplectic duality. We have seen that S-duality of boundary conditions in four dimensional N = 4 has intimate connections with mirror symmetry for certain associated three dimensional SCFTS. From a mathematical perspective, it turns out that this 3d mirror symmetry has close connections with the idea of symplectic duality in the sense of BLPW [10] . According to BLPW, two conical symplectic resolutions µ : M → M 0 and µ ′ : M ′ → M ′ 0 are defined to be symplectic duals of each other if certain associated categories are related to each other via Koszul duality. From a physical perspective, the two resolved spaced M and M ′ are resolved Higgs branches of two different 3d SCFTs which are mirror duals of each other. The case of T ρ [G] and T ρ ∨ [G] is a particular instance of such a mirror pair and the relevant Higgs branches are, respectively, Slodowy slices and nilpotent orbit closures. The relevant symplectic resolution is the Springer resolution discussed in Section 3. This relationship has several consequences, one of which is a relationship between pieces of the cohomology of the resolved spaces M and M ′ (discussed in [10, 11] ). It would be interesting to understand the precise relationship between the cohomological consequences of symplectic duality and the matching condition that occurs in Sec 4.
The relationship at the level of categories between the mathematical definition of symplectic duality and 3d mirror symmetry has been studied recently for many 3d N = 4 theories [12] . The braid group actions that play an important role in the duality between categories yield Weyl group actions at the level of cohomology upon suitable 'decategorification'.
